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In this paper it is shown that a contractive u-weakly continuous Hilbert space 
representation of a nest algebra admits a u-weakly continuous dilation to the 
containing algebra of all operators. This is accomplished by first establishing the 
complete contractivity of contractive representations through a semi-discreteness 
property for nest algebras relative to finite-dimensional nest algebras (Theorem 2.1). 
The semi-discreteness property is obtained by an examination of the order type, 
spectral type, and multiplicity of the nest, and by the construction of subalgebras 
that are completely isometric copies of finite-dimensional nest algebras, with good 
approximation properties. With complete contractivity at hand, the desired dilation 
follows from Arveson’s dilation theorem and auxiliary arguments. 0 1988 Academic 
Press, Inc. 
In this note we show that a contractive a-weakly continuous Hilbert 
space representation of a nest algebra admits a a-weakly continuous 
dilation to the containing algebra of all operators. Our method is to 
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establish first the complete contractivity of contractive representations 
through a semi-discreteness property for nest algebras relative to Iinite- 
dimensional nest algebras (Theorem 2.1). This is obtained by an 
examination of the order type, spectral type, and multiplicity of the nest, 
and by the construction of subalgebras that are completely isometric copies 
of finite-dimensional nest algebras, with good approximation properties. 
With complete contractivity at hand, the desired dilation follows from 
Arveson’s dilation theorem and auxiliary arguments. 
We need to know that contractive representations of linite-dimensional 
nest algebras are completely contractive, a fact first obtained by McAsey 
and Muhly [S]. We obtain this by the explicit construction of star 
dilations for contractive representations of finite-dimensional nest algebras, 
and without recourse to Arveson’s theorem. 
We remark that the methods of this paper can be used in the dilation 
theory of commuting representations of nest algebras [S]. Also in [7] we 
begin a general approach to related contractive maps. 
In the first section we constructively dilate contractive representations of 
finite-dimensional nest algebras. In the second section we establish the 
semi-discreteness of nest algebras, and in the last section we obtain the 
dilation theorem. 
Recall that a nest algebra is an algebra d of operators on a complex 
Hilbert space R such that each operator in d leaves invariant all subspaces 
in a preassigned nest of subspaces. We always assume R to be separable, 
and if R is finite dimensional we refer to d as a finite-dimensional nest 
algebra. Such algebras are completely isometrically isomorphic to block 
upper triangular subalgebras of the complex matrix algebras M,, 
n = 1, 2, . . . . 
Let S be a subspace of L(R), the algebra of all operators on R, and let 
p : S -+ L(H) be a linear representation of S as operators on the Hilbert 
space H. Write pn for the induced map between the naturally normed 
spaces M,(S) and M,(L( H)). We say that p is completely contractive (resp. 
completely positive, resp. completely bounded) if the maps p, are contrac- 
tive (resp. positive, resp. bounded) for n = 1, 2, . . . 
The paper is self-contained except for the proof of Arveson’s dilation 
theorem, which we now state. General facts concerning completely boun- 
ded maps and dilations can be found in [6]. Basic properties of nest 
algebras are discussed in [9]. 
If d is a subalgebra of C*-algebra .% and if p : d + L(H) is a represen- 
tation then we say that ‘II: 33 --, L(K) is a g-dilation of p if 71 is a 
*-representation of g on a Hilbert space K 2 H such that p(A) = 
PH7t(A)I H for all A in &. 
THEOREM (Arveson [ 11). Let d be a subalgebra of the C*-algebra 93 
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and let p: S? + L(H) be a unital homomorphism. Then the following con- 
ditions are equivalent: 
(i) p has a S&dilation, 
(ii) p is completely contractive, 
(iii) the induced map p: d + XI* + L(H), defined by P(A, + A;) = 
~64,) + P(&)*> is completely positive. 
Recall that the dilation of the completely contractive representative p is 
achieved by first extending p to a completely contractive linear map from 
9’ to L(H), and then dilating this map to a star homomorphism by means 
of Stinespring’s dilation theorem. In particular, if 29 and H are separable 
then the dilation space K is separable. 
1. REPRESENTATION OF FINITE-DIMENSIONAL NEST ALGEBRAS 
The contractive representations of a finite-dimensional nest algebra have 
a simple and explicit characterization. The necessary and sufficient con- 
dition for contractivity is that the images of the matrix units are contrac- 
tions. In fact we shall obtain an explicit dilation to a star representation of 
the enveloping matrix algebra from which it can be seen that contractive 
representations are completely contractive. We prove these facts and 
related observations in this section. 
PROPOSITION 1.1. Let d be a finite-dimensional nest algebra with 
enveloping matrix algebra 9J’, and let p be a representation of d on the 
Hilbert space H such that 11 p(ei,j)ll < 1 f or each matrix unit ei,j E d. Then 
there exist a Hilbert space K containing H as a subspace, and a star 
representation II of 39 on K, such that 
for all A in JX?‘. 
Proof: Since p(l) is an orthogonal projection we may assume, without 
loss of generality, that p is unital. Consider first the case of the n x n upper 
triangular matrix subalgebra d of the matrix algebra W = AI,, so that d is 
spanned by the matrix units e, j, for 1 < i <j,< n. For each i the operator 
p(ei,i) is a self-adjoint projection, Ei say, with range space Hi and 
H=H,@...@H,. Since p is a homomorphism, the contraction 
X,= p(ei,j) has range contained in Hi and kernel containing (Hj)l, for 
l<i<j<n. Let T,=EiXUI,,, for 1 < id j< n, and we have p((aU)) = 
(aVT,) as an operator matrix on H, 0 +-. 0 H,,, for (au) in d, and 
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T,= Ti,i+, ... Tj- ,, j. Clearly the operators Ti = T,,,, , , i = 1, . . . . n - 1, 
determine the representation. Conversely any family { T;} = { T, , . . . . T, _ 1 } 
of contractions Ti : Hi + 1 + Hi gives rise to a representation pI r, i of d, with 
II P(eii)ll G 1. 
We now construct a dilation pi V,l for piT,) with I’, , . . . . I’-, isometries. 
To simplify notation we restrict to the case where the dimension of H, is 
constant and these subspaces are identified. If this does not already hold we 
can dilate p in a trivial way to a representation which does have this 
property. Let Ki = R 0 R 0 . . . with R = Hi identified with the first sum- 
mand. Let V, be the operator on Ki which is the isometric dilation of T, 
given by 
where Di = (I- TT T,) I’*. Observe that for i<j, 
T;T,+, I.. Tj=P,(V$‘i+,4’,)~. 
Hence if p1 =plV,) is the representation of d on K = K, 0 ... 0 K,, n 
times, induced by (V,} = {V,, . . . . V,- 1}, we have p(A) = P,p,(A)I,, for A 
in d. 
Now consider the isometry W = I@ I’, 0 V, V2 0 . .@ V, . . . V, _ 1 on K, 
and the *-representation rt of M, on K given by n((bU)) = (b,Z,,). Observe 
that p,(A)= I’*n(A) V for A in d. Thus after identifying H with VH, we 
have that p(A) = P,rc(A)IH for A in d. 
It remains to consider the case of a general finite-dimensional nest 
algebra d associated with a subnest of the canonical projection nest in M,. 
The proof above can be modified easily. On the other hand, we can use the 
following useful general principle [6, Proposition 2.121. 
Let M be a subspace of a unital C*-algebra which contains the identity 
and let 4 : M + L(H) be a unital contraction. Then 4 extends uniquely to a 
positive map J: M + M* + L(H) with 6 given by &a + b*) =&a) + d(b)* 
for a, b in M. 
In our context the representation p of & induces a representation pU of 
the subalgebra, dU of upper triangular n x n matrices. Moreover the 
representation p,(A) = P,rr(A)I H leads to the positive extension map 
$: M, + L(K), where $(B) = P,rr(B)( H for B in M, = SB, + (JX$)*. But, it 
must be that p = Ic/ since they agree on &,. In particular p(A) = P,n(A)I H 
for operators A in d as required. [ 
COROLLARY 1.2. Let d be a finite-dimensional nest algebra with 
enveloping matrix algebra M,, and let p be a representation of d with 
II p(eV)ll < 1 for each matrix unit eii in ~4. Then p is completely contractive. 
580/80/l-6 
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Remark 1.3. Let (rr, K) be a unital star representation of the matix 
algebra M, on the Hilbert space K, and let M be a subspace of K which is 
semi-invariant for n(d), where d is a finite-dimensional nest algebra con- 
tained in M,. Then the compression map A + P,(z(A))I ,,, determines a 
representation (p, M) of d. Such representations are called sub-star 
representations by Ball and Gohberg [Z]. From Proposition 1.1 we see 
that every contractive representation is of this form. 
1.4. The complete contractivity of representations of finite-dimensional 
nest algebras can also be observed in the following way. Once more it will 
be enough to consider the algebra d of upper triangular n x n matrices and 
a unital contractive representation (p, H). Observe that the induced 
positive map p of M, is an injlated Schur product map in the following 
sense. There is an n x n operator matrix T= (T,) such that 
p( (x,,)) = dT((xij)), where 4 T((xU)) = (x, Tti). Here if et is in &, we set 
Tii = T$ We want to show that the map p@): Mk(&) -+ M,(L(H)) is con- 
tractive for every k. Equivalently we must show that pck) is positive for 
every k. However, Pck) is the inflated Schur product map on Mkn = M,(M,) 
associated with the operator matrix Z’(“, the k x k matrix all of whose 
entries are T. Since p” is a positive map, T is a positive operator matrix and 
therefore so is TCk). It is sufficient then to see that a positive r x r operator 
matrix S = (S,) determines a positive mapping ds of M,. Clearly #s(C) 2 0 
if C> 0 and C has rank one. Since every positive operator in M, is a 
positive linear combination of rank one operators we are done. 
1.5. If p is a homomorphism from the upper triangular matrix algebra 
d of M, into L(H) then p is similar to a contractive representation. In fact 
we can first choose an invertible operator S, in L(H) so that 
pi ( l ) = S; ‘p( l ) S1 determines a contractive (unital star) representation 
when restricted to the diagonal algebra d A d*. A standard averaging 
argument achieves this (see [6, p. 1271, for example). The representation 
p, is determined by the operators X,=p,(ei,,+i). Let S2 be the diagonal 
operator diag{ 1, t, . . . . t”-l} and we have S;‘pl(eii+,)S,=tXi. Thus 
(S, Sz)-l p( l ) S, S, is a contractive representation if t’is sufficiently small. 
1.6. The methods of this section also apply directly to certain nest 
algebras associated with a projection nest which is of order o. However, to 
treat the general case we need to establish the semi-discreteness property in 
the next section. 
2. SEMI-DISCRETENESS OF NEST ALGEBRAS 
Recall that a von Neumann algebra M is said to be semi-discrete if there 
exist nets of a-weakly continuous completely positive maps bA : M + Mnl, 
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$j,: M,, + M such that $A o q,,(X) -+ Xo-weakly, for all X in M. The main 
result of this section is the following theorem which expresses an analogous 
property for nest algebras. In the case of a purely atomic nest E it is easy to 
obtain an elementary direct proof. However, the general case requires an 
examination of the measure type and the spectral multiplicity of the 
projection nest. 
THEOREM 2.1. Let d be the nest algebra associated with the nest of 
projections d acting on a separable Hilbert space H. Then there exist 
(i) a sequence S$ of finite-dimensional nest algebras, 
(ii) a-weakly continuous completely contractive maps 4,,: d + J&, 
(iii) a-weakly continuous completely isometric homomorphisms $,,I 
J& + d, such that I/I,, 0 q,,(A) + A a-weakly for all A in d. 
We shall see from the proof below that 4, and $,, are restrictions of com- 
pletely positive mappings $,, : L(H) + a,,, p, : 93,, + L(H) associated with 
the finite-dimensional enveloping C*-algebras @,, containing the algebras 
.JZ&, and where F,, qn have the properties required to show the semi- 
discreteness of L(H). Thus, amongst the many pairs of sequences of maps 
which establish the semi-discreteness of L(H), we find maps which respect 
upper triangularity. 
Let L2(u) denote the Hilbert space of square integrable functions 
associated with a finite positive Bore1 measure p on the unit interval [O,, 11. 
For 0 Q t d 1, let M, (respectively M,-) be the operator of multiplication 
by the characteristic function of the interval [0, t] (respectively [0, t)). As 
usual we write p(k 9 pk + , when the measure fik + 1 is absolutely continuous 
with respect to pk. 
The following spectral theorem for projection nests acting on a separable 
Hilbert space is well known (see also [4]). For completeness we give a 
proof. 
PROPOSITION 2.2. Let d be a complete projection nest on a separable 
Hilbert space. Then there exists a sequence u1 9 uL2 9 . . . of regular Bore1 
measures on [0, l] such that d is unitarily equivalent to the standard projec- 
tion nest on L’(u,) 0 L2(u2) 0 . . . consisting of the projections E, = M, 0 
M,@...and E,_=M,~OM,_O...forO~t~l. 
Proof Suppose first that x is a unit cyclic vector for the nest d on H, 
and let a be the left continuous function from d, with the strong operator 
topology, to [O, l] given by a(E) = II Ex II 2. Let Co be the algebra of sets 
generated by the necessarily non-zero intervals (a(E), a(F)] for E c F in b. 
The function p( (a( E), a(F)]) = a(F) - a(E) extends to a finitely additive set 
function on Z:,, and using the extension theorem, p extends to a measure 
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on the o-algebra .X generated by ,Y,, also denoted by p. We can extend p to 
a Bore1 measure in a natural way, so that ~((a(,!?-), a(E)]) = ,u( (cc(E)}) 
whenever E- <E, where E- is the strong operator limit of projections 
F< E with F in b. Now verify that if Zk = (a(E,), cr(Fk)], 1 <k < n, are 
disjoint intervals with characteristic function x,~, then the linear mapping 
W defined by 
n 
W 1 ak(Fk-Ekb 
k=l 
extends to a unitary operator W from H onto L*(p). Moreover WCZ’ W* is 
the standard projection nest on Z*(p). 
In general we may choose a sequence of orthogonal unit vectors 
x1, x2, . . . so that H = H, 0 H, @ . . . when Hk is the reducing subspace for d 
generated by d and xk. Obtain the associated probability Bore1 measures 
rllv rl2, ..- constructed as above, together with unitary operators WI, W,, . . . . 
and we see that if W= W, @ W, 0 . . . then WC?? W* is the standard projec- 
tion nest on L2(r,)@3L2(~,)@ .... Finally, let q2 = q; + q; be the Lebesgue 
decomposition of y12 relative to ql. Replace q2 by q; and ql by g, + $, and 
we have arranged that 4, b q2. Proceeding recursively in this way, at the 
kth stage replacing ql by ~~+2-~?;+~ and l]k+, by +$+,, where 
vi+ 1 + q; + , is the Lebesgue decomposition relative to ql, we finally obtain 
a unitarily equivalent nest on L*(q,) 0 L*(q,) @ ... with u1 9 uk for all k. 
Repeating this process we arrive at a representation of the nest with 
rll%>2$ . . . as desired. 1 
In view of the representation given above it will be enough to establish 
Theoem 2.1 for the special case of the standard projection nest on the 
Hilbert space L*@,) 0 . . .@ L2(pr) associated with the measures 
/4,&p*%--..*Bp,. Indeed if we obtain the required maps #,,, and 
$ n,r, n = 1, 2, -., in this case, and make natural subspace identifications, 
then we may select a subsequence of these maps that have the required 
properties. 
To treat the special case we make a preliminary simplification. Let fk be 
the Radon-Nikodym derivative dp,/dp,, for k= 2, . . . . r, and let 
J,={t:fi(t)>O}sothatJ2~J,~... 2 J,, modulo sets of pi-measure zero. 
Then the standard projection nest on Z,*(pL,)@. . @L*(P~) is unitarily 
equivalent to the standard nest on L2(pu1) @ L2(J2, ,ul) @ . . . @ L*(J,, ,al). 
The implementing unitary operator is the operator Z@X, 0.. . OX,, 
where X, denotes multiplication by f k l/*. 
PROPOSITION 2.3. Let p be a regular Bore1 measure on [0, l] with 
support J1 and let J, 3 J2 1. . . II J, be Bore1 subsets of [0, 11. Then the 
nest algebra associated with the standard projection nest on 
L2(J1, p)@ ...@ L*(J,, ,a) is semi-discrete in the sense of Theorem 2.1. 
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Proof. The main idea is to proceed directly with the construction of the 
subalgebras of SQ that are completely isometric copies of finite-dimensional 
nest algebras. The subalgebras are associated with relining dissections of 
[0, l] in such a way that their union is dense in the ultra weak topology. 
Care must be taken to ensure that the matrix units taken to define these 
algebras do belong to d, and in fact this is why we consider first the nest 
for H=L*(J,, p)@...@L2(J,, p). 
Without loss of generality we may assume that p( { 1) ) = 0. Fix a natural 
number n and choose finite families of disjoint intervals 
F, E F,-, E ... G F,, where each interval has the form [a, 6), with 
(b - a) < l/n, and for each i the union iJi of the intervals in Fi satisfies 
,u( Uid.Zi) < l/n. Enumerate the intervals in F,, I, = [a,, bk), k = 1, . . . . m. 
such that if k < 1 then bk < a,, and define Q, = {k: Zk E F,}, j = 1, . . . . r. 
We now construct “matrix units”. For ke Q,, let Elk be the canonical 
partial isometry on H with initial space L2(Zk n J,, ,M) c L*(J,, p) and final 
space L2(Z, n J,, CL) c L*(J,, p), 1 Q i,j< r. If k E Q,\Q,+ 1 then define Efk 
to be the canonical partial isometry on H with initial space 
L’(Z, n J,, CL) c L2(.Z,, p) and final space L2(Zk n J,, p) s L*(J,, p) for 
1 < i, j, < 1. Note that Eik has been defined for 1 d i, j d rk, where 
rk=max(s:Z,EFS}. 
To construct the remaining matrix units, for 1 d id rk, let eh denote the 
characteristic function of the set J,, n Z,, normalized so that it has unit 
length and regarded as an element of L*(.Z,, 11). For k < I, we let 
El,,= eh @ e{ denote the rank 1 operator with initial space contained in 
L*( .Z,, p) and final space in Z,*( Jj, p) whose action is given by ei @ e{(f) = 
(f, ej) eb for fE L2( .Z,, cc). 
Now let { ek,} and {L7,> denote systems of matrix units for M, and M,, 
respectively. Let s9, E M, 0 M, denote the subspace spanned by 
{e,,Qf,: 1 <k616m, 1 <i<r,, 1 d j d r,}, i.e., for precisely those values 
of (k, 1, i, j) for which we have defined Ei,. It is not dificult to see that sl’, is 
a nest algebra and that the map e,,Qf, -+ El, defines a completely contrac- 
tive homomorphism. Indeed, to see that this map is completely contractive 
by Proposition 1.1 it is sufficient to check that 11 E& /( < 1 and that (El,) 
multiply like matrix units. This defines the map 1,5,,: Ldn -+ d. 
To define a map q5,,: d + J& we simply set 
which is essentially the compression of d to the span of {efk}. 
It is easy to check that q5,o J/, is the identity map on SY& and hence +” 
must be completely isometric. Also, for XE $,(dH) we will have that 
ti”Od”(W = x. 
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Let H, = span (ek : 1 ,< i < rk, 1 <k G m}. We claim that for every vector 
e in H, dist(e, H,) + 0 as n --) + co. Using a simple approximation 
argument it is sufficient to show this for e = x, (the characteristic function 
of some interval Z regarded as a vector in L*(.Z,, p)). But this follows 
readily from the fact that the intervals in Fi form an increasingly liner cover 
of Ji as n+ +co. 
It remains to show that for each operator X in &‘, ek 0 bk(X) + X in the 
o-weak topology. Note that the sequence X, = tik 0 #k(X) is bounded so we 
need only check convergence in the weak operator topology. Let P, denote 
this orthogonal projection onto H,, so that P, + Z in the strong topology. 
A computation shows that Pk X, Pk = P, XP,, for each k. Considering the 
identity 
(X.xg)- (Xicf,g)= (Xf,g)- (PJPfcf,g) 
- (Xk.L g> + (PkXkPkS, g> 
we see that it suffices to check that (X, - X,P,)f+ 0 for each vectorf, and 
this is the case. fl 
The proof of Theorem 2.1 is now complete. We can also modify the proof 
a little to obtain the following stronger density property. 
COROLLARY 2.4. Let d be a nest algebra acting on a separable Hilbert 
space H. Then there exist subalgebras %$, %7*, . .. which are completely 
isometrically isomorphic to finite-dimensional nest algebras, and are such 
that dist(K, %,,) + 0, as n --) CQ, for every compact operator K in d. 
Proof: Once again it will suffice to establish the corollary in the context 
of Proposition 2.3. Let the discrete component of the measure be supported 
on the countable or finite set D. Fix a natural number n and choose finite 
families of disjoint intervals, F, c F, _ i E . . . c F, , where each interval may 
be open, semi-open, closed, or a singleton, of length <l/n. Arrange that 
the union of the singleton sets has ,u measure greater than p(D) - l/n, and 
that the union Ui of the intervals in Fi satisfies p( Uid.Zi) < l/n. Enumerate 
the intervals in F, as I,, I,, . . . . Z,, where the points, or point, in Zj lie 
to the left of points in Zj+ i. Define Qj = {k: Zk E F,}, j= 1, . . . . r, and 
r,=max{S:Z,EF,}. 
Exactly as in the proof of Proposition 2.3 we can construct matrix units 
Z$, for 1 G i, Z ,< rk, and 1 G k < I< m, which determine a finite-dimensional 
subalgebra, %,, say, which is completely isometrically isomorphic to a linite- 
dimensional nest algebra. As before these algebras have the semi- 
discreteness density properties expressed in Theorem 2.1. 
Each rank one operator R in .JCI has the form e@.f, where for some 
projection E in the nest for &‘, Ee=e and (I- E-)f=f: Here E- is the 
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supremum of nest projections strictly less then E, and we observe that 
E _ < E precisely when E = M, @ . . . @ M,, and p( { t }) > 0. Our construc- 
tion of the subalgebras %,, has the property that (E - E _ ) R( E - E _ ) lies in 
%?,, for all large enough n. We claim that the distance of the operators 
ER(Z- E) and E- R(Z- E-) from %?,, tends to zero as n + co. Since these 
operators have the form Ee @I (I - E)f and E- e 0 (Z- E- )f, this is a 
consequence of a simple approximation argument using the fact that 
dist(g, H,) + 0 for every vector g in H. We have now shown that 
dist(R, V$) -+ 0 for every rank one operator in the nest algebras. Since every 
compact operator in the nest algebra can be approximated by a linear span 
of such rank one operators (see [3,9]), the proof is complete. 1 
3. CONTRACTIVE REPRESENTATIONS OF NEST ALGEBRAS 
We can now use the semi-discreteness properties of a nest algebra to 
extend the main results of Section 1 for finite-dimensional nest algebras to 
the general case. Notice, however, that the order is reversed; we first 
deduce the complete contractivity of a-weakly continuous representations, 
and then use Arveson’s dilation theorem to show that such representations 
admit star dilations to the enveloping algebra of all operators. 
THEOREM 3.1. Let p be a contractive representation of a nest algebra 
acting on a separable Hilbert space, which is continuous for the u-weak 
topology. Then p is completely contractive. 
Proof Let d be the nest algebra and let (A,) be a matrix in M,(d). 
By Theorem 2.1 there exist finite-dimensional nest algebras &r, JX&.,  .. and 
certain a-weakly continuous maps 4,,: d -+ s&, IJI,,: .au” + Jai such that 
$,0$,(A) -+ A a-weakly as n + CXI for all A in d. Let A;= $,,o$,(A,). 
Then (A;)+ (A,) u-weakly, and so (p(A$))+ (p(A,)) a-weakly. Now 
Il(p(A,))lI Glim sup ll(p(A$))ll < lim sup II(A; by Corollary 1.2. Since 
$, 0 4, is completely contractive we now obtain 1) (~(A~))11 < ll(A,)ll , as 
required. 1 
THEOREM 3.2. Let d be a nest algebra on a separable Hilbert space R, 
and let p be a unital contractive u-weakly continuous representation of d on 
a separable Hilbert space H. Then there exist a separable Hilbert space K 
containing H as a subspace and a o-weakly continuous +-representation 7t of 
L(R) on L(K) such that 
P(A)=P,W)I, for all A in d. 
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Prooj Let 99, denote the C*-subalgebras of L(R) generated by the 
identity and the compact operators, and let &I = & n ~8,. By Theorem 3.1, 
p is completely contractive on d and hence on &,, so by Arveson’s 
theorem there exists A, : 9Y1 + L(K) such that p(A) = P,x,(A)I H for all A 
in &i. By Stinespring’s theorem, since W, and H are separable, K is 
separable. 
The representation xi of ,G@, decomposes as rr, = z @ n,, where x0 is zero 
on the compacts and rc is unitarily equivalent to an ampliation of the iden- 
tity. By considering a sequence (K,} in &r which converges o-weakly to 
the identity we see that p( 1) = P,lr( l)lH. Hence H is orthogonal to the 
space on which rro acts, and consequently p(A) = P,n(A ) ( H for all A in ZZ’~. 
The representation x clearly extends to all of L(R) since an ampliation of 
the identity is a-weakly continuous. We still write n for this extension. But 
then p(A)= P,n(A)( H holds for all A in d, since both sides of this 
equation are a-weakly continuous and JX?, is o-weakly dense in d. 1 
COROLLARY 3.3. Let d be a nest algebra on a separable Hilbert space R 
and let p be a o-weakly continuous contractive representation of d on H. 
Then there exists a sequence of bounded operators V, : H + R such that the 
series C V,* A V,, converges *-strongly to p(A) for every A in d. 
ProoJ Let (n, K) be as in Theorem 3.2. In the proof of Theorem 3.2, we 
saw that K is unitarily equivalent to R@ RO..., and that rc is unitarily 
equivalent to the map A + A@ A 0 . . . . Since H s K this unitary yields an 
isometry V: H + R 0 R 0 . . . . such that P,~c(A)(~= V*(A$A@...) V. 
Letting V, denote the projection of V onto the nth copy of R yields the 
desired result. 1 
Remark 3.4. Let 9, be the algebra of compact operators with identity, 
with subalgebra &, = d n 99,, as in the proof of the last theorem. A 99’,- 
dilation a of a representation p of &, on His said to be minimal if the span 
of vectors Bh, with B in 9I$, h in H, is dense in the dilation space. Since 
&, + &Eg: is norm dense in 9Jr, standard elementary arguments show that 
every pair of minimal &-dilations is unitarily equivalent, in the usual 
sense. From this follows the uniqueness up to unitary equivalence of 
minimal o-weakly continuous L( R)-dilations of representations of nest 
algebras. 
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